Abstract-This paper presents a method for planning motions of a flexible objects based on precise simulation using Finite Element Method (FEM). The proposed method is applied to ring-shape objects manipulated by robot arms, which is often seen in various applications. Since large deformation is implied, assembly planning with realistic simulation is important to ensure task efficiency for the robot and also to avoid damage of the object. We first verify that the behavior of a ring-shape object by dual-arm manipulation is well predicted using FEM model of bent beam through a simulation along the trajectory computed by optimization-based motion planning previously reported. Next, a precise FEM model is integrated into optimization to compute a trajectory of robot hands minimizing the deformation energy as well as satisfying such criteria as collision avoidance and smoothness. Since the direct computation leads huge computational cost, we present a realistic formula which transforms the planning problem into the static equilibrium problem of several FEM models located along the trajectory. Simulation results show that the proposed method is promising for such assembly tasks requiring large deformation.
I. INTRODUCTION
Integration of dexterous robots has been accelerating in part and assembly manipulation in high-mix low-volume production system. Recently, dual-arm robots like Baxter [1] of Rethink Robotics and Nextage [2] of Kawada Industries have been introduced in cellular production systems by sharing the space with human workers. Especially, their dualarm manipulation capacity combined with vision recognition system widens the range of tasks that those robots can execute: picking up parts with complex shape and placing them in other assembled parts through dual-arm motions or regrasping [3] . By delegating simple tasks to robots, humans can concentrate on more complex assembly tasks. The main tasks executed by those robots are currently limited to manipulations that do not involve large deformations of parts. However in factory automation using industrial robots, there still exist some assembly tasks requiring large deformations that need to be automated in manufacturing, such as cable handling, snapping assembly [4] or O-ring assembly [5] .
In this paper, we focus on an assembly task to place a ringshape flexible part on a desired position of a cylindrical part by bimanual manipulation (Fig. 1 ). This type of manipulation often appears in assembly of oil-seals and o-rings in chemical or automobile industries. Previous research has addressed optimization-based motion planning of a ring-shape object Fig. 1 . Assembly of a ring-shape object including deformation in order to meet criteria of trajectory smoothness, collision avoidance and minimum deformation simultaneously [5] . This work employs a simple model of the ring object by using a set of rigid bodies connected through springs. Likewise, although several methods have been proposed for motion planning of deformable objects [6] , [7] , [8] , [9] , [10] , they reduce the dimension of the problem or utilize simplified model of deformable objects due to the complexity of the problem. This particular assembly implies necessarily large elastic expansion since we need to consider the space for the hands holding the object. Therefore manipulation motion without excessive deformation is important in order to avoid any damage on the object. Moreover, free deformation is assumed without taking into account the robot hands manipulating the object in previous research. This background motivates us to integrate precise modeling of deformable objects simulating their realistic behavior into assembly motion planning.
In this paper, we propose a method for planning of ringshape objects by using a more precise simulation model based on finite element method (FEM), where manipulating robotic hands are explicitly represented instead of allowing free object motions assumed in most previous work. An optimization-based planning method is first described based on Covariant Hamiltonian Optimization and Motion Planning (CHOMP) method [11] , [12] by combining the deformation energy into the cost function. We then introduce a beam FEM model of ring-shape objects to demonstrate the validity of simulation-based motion planning that allows reducing excessive forces applied to the object during manipulation. Finally a precise FEM model is integrated into trajectory optimization problem together with mechanical equilibrium as an additional constraint. An efficient method is presented for solving the complex planning as a static equilibrium problem through decoupling FEM models at each time instance of discretized trajectory. We will demonstrate simulation results to validate the effectiveness the proposed method.
II. RELATED WORK
The problem of motion planning for deformable object has started attracting researchers' interest in early 2000s
978-1-4673-8029-4/15/$31.00 when randomized and sampling-based motion planning made a significant progress. Since deformable objects have far more degrees of freedom (DOF) than even complex robotic manipulators, the principal approach is to apply motion planning method to its reduced model. Lamiraux and Kavraki proposed a method for planning thin deformable objects manipulated by two actuators at the edges using samplingbased method in reduced dimensions with pre-computed deformation configurations [6] . Mahoney et al. proposed another approach to extract a reduced basis approximating the deformed configuration space using Principal Component Analysis (PCA) [9] .
Rather than converting the problem into a framework whose reduced-dimension is subject to important simplifying assumptions, some methods intrinsically rely on planning strategies that were previously developed for rigid objects such based on the Probabilistic Roadmap Method (PRM) [13] or on the Rapidly-Exploring Random Tree (RRT) [14] . Bayazit et al. [10] take a two-stage PRM-based method that consists in first generating an "approximate path" which may contain collisions with the environment, and second, specifically computing deformations to adapt to such collisions. A more sophisticated method has been proposed later by introducing a volume preservation constraint that is taken into account in order to improve the physical realism of deformations computed based on a mass-spring system representation for efficient computation [7] . Rodriguez et al. proposed a planning method using RRT to deal with kinodynamic planning problem [8] for a deformable object in an environment that is also flexible. Using an extension of the mass-spring representation as a deformation model, a particular care is taken not to lead to unrealistic deformations by considering so-called distance-preserving forces and volume-preserving forces. A hierarchical approach is then employed for deformation computation. Another efficient simplified representation for motion planning of deformable objects using voxels has been proposed [15] .
So far we have outlined related work based on samplingbased motion planning combined with models of deformable object simplified to some extent. In general in those previous studies, more attentions have been paid to implement a planning method that exhibit realistically-looking behavior, rather than simulating the true reaction of the deformable objects. Although some of the work like [8] introduced FEMlike method to model the deformation, most of them assume deformable objects that can make free motions generated by forces applied at arbitrary points without considering robotic hands manipulating the objects. In contrast, one of the contributions of this paper is that we explicitly model the robot hands as Dirichlet boundary conditions for FEM computation.
On the other hand, optimization-based motion planning has also been studied more and more intensively. Among them, CHOMP [11] , [12] has been proposed as a method that refines the trajectory using covariant gradient techniques with a given cost function to improve the quality of sampled trajectories in a continuous manner. Since we can even start with an initial trajectory in collision, CHOMP is considered to be suitable for highly constrained motion planning problems including narrow passages. For this reason, RamirezAlpizar recently employed CHOMP for motion planning of deformable objects that is also a problem under severe constraints by integrating deformation energy into the cost function [5] . It is, however, based on simplified model of deformable objects. In the following sections, we will present a method with FEM model for deformation to simulate the precise behavior in order to reduce the risk of damages of manipulated objects and to improve the efficiency of assembly.
III. SIMULATION-BASED PLANNING
In this section we integrate FEM simulation to planned trajectory to address such assembly tasks requiring large deformation like ring-shape objects. In our previous research [5] , CHOMP was introduced to optimize the trajectory ξ connecting initial and goal configurations q i and q f (∈ m ) of the robot hands manipulating the ring-shape object, by formulating the objective function as follows:
where w c , w s , w e , are the weights of objective for the obstacle F obs , smoothness F smooth and energy F energy respectively. The first two objectives are found in [12] and the last one for energy is based on the deformation energy of the ring-shaped object based on simple model of rigid bodies connected by springs.
In order to confirm the feasibility of the planned trajectories, more realistic simulation model based on FEM has been applied. We adopt SOFA (Software Open Framework Architecture) [16] developed at mainly in INRIA, France. This framework has been developed principally for medical simulation based on real-time FEM computation, but its capacity of simulating various flexible objects allows other dynamic simulations like soft robot control [17] or interacting deformable objects that we are dealing with in this paper.
In this section, we model the ring-shape object as a "bent" beam in FEM model with 40 nodes together with the collision detection with the cylinder. We assume two firm grasping points by robotic hands which are modeled by Dirichlet boundary conditions for FEM as shown in Fig. 2 . 
Grasping points
Here K is a diagonal matrix specifying the stiffness along each axis of motion. We have implemented a bent beam using FEM model in SOFA and applied the control law. The assembly task is to place the ring-shape object on the rigid cylindrical part. The inner diameter of the ring is 49mm with the cross-section of diameter 3.1mm whereas the diameter of cylinder is 50mm. The Young's modulus of the ring-shape object is 4.1 MPa which corresponds to soft material and we used 3.0 × 10 10 N/m as the coefficient K in each axis. Figures 3 and 4 show the simulation results with optimized and initial non-optimized trajectory of each grasp point. The latter fails to place the ring-shape object correctly as it is not completely inserted as decribed later. In the figures, we can clearly observe that the ring-shape object is manipulated by the two firm grasping points. The object is pulled first horizontally then vertically to achieve the insertion. Then as can be seen, at the early stage (b) of failure case the object touches the cylinder which is not the case for success case (see the attached video). The vertical downward motion allows the whole ring-shape object to reach around the side surface of the cylinder as seen in Fig. 3(g) in the case of the successful manipulation. On the other hand, the right part of the ring remains stuck on the upper face at the final state in Fig. 4(g) in the unsuccessful case. Thanks to efficient implementation of FEM model in SOFA, here the simulation was almost in real-time with time step of 10ms on a processor of Intel(R) Core(TM) i7-4900MQ CPU(2.80GHz). Although precise parameter settings like friction still need to be refined, overall this simulation results demonstrate that precise object modeling is useful to predict the behavior of flexible object for manipulation inducing large deformation. Figure 5 shows simulated feedback input applied in vertical (z) direction based on control in Eq.(2) at the one of the grasping points. The unit is omitted as the main purpose here is to compare the two simulation results in Figs. 3 and 4 . In this graph, we focus on the final state where the difference of two cases is clearly seen. Since the ring-shape object stays expanded even after the manipulation trajectory is finished, the absolute value of force in case of failure case is larger than the successful case. This leads to excessive residual stress to the manipulated object, which should be avoided. The first peak corresponds to the force generated when the left part of the object is inserted and pulled downward at Figs. 3(c) and 4(c) . The obtained results show that the validation of planned trajectory based on precise physical simulation using FEM is meaningful for manipulation involving large deformation.
IV. OPTIMIZATION-BASED PLANNING WITH FEM SIMULATION
This section presents the formulation of the optimizationbased motion planning of an FEM object. The computational cost of the optimization problem will be larger because of the large number of variables related to FEM computation. Therefore, we need to approximate the problem with the objective function Eq.(1) to accelerate the computation.
Let us decompose trajectory ξ into discrete time samples as follows:
We now consider the following variables at each time instance.
where, d represents the vector of all positions of each node in an FEM object, and x means the vector of all positions of the grasping points by robotic hands. In this section, we consider the following optimization problem instead of Eq.(1).
min U (ξ) subject to y(ξ) = 0
where, y represents the equality constraints related to FEM simulation. The stationary condition of problem (5) is as follows:
where λ is Lagrange multiplier. In order to optimize trajectory ξ, we solve Eq.(6), for example, by Newton-Raphson method.
We now detail the each component in problem (5) . In this paper, we consider the following boundary conditions as constraint y(ξ):
where, x S and x E represents the initial and final positions of the grasping points respectively, d f is the vector of all positions of constrained nodes, and r(x) means the forward kinematics mapping of d f with respect to x. The following relationship holds between d f and d.
where, S is the selection matrix which extracts d f from d,.
We now implement smoothness objective F smooth (ξ) as follows:
where,
The first term in Eq. (11) represents the length of the whole trajectory. The squared distance from the initial trajectory x (t) init is added in the second term for the computational stability. ω l and ω e are the weighting factors.
In obstacle objective F smooth (ξ), we also consider the collision condition between the FEM object (i.e. the O-ring) and the other environment (i.e. the cylinder). In this paper, we approximate the collision conditions as the penalty functions against penetration.
where, E p (d) represents the collision penalty function, and ω p is its weighting factor. Let the energy function be implemented by
where, E e (d) is the elastic energy of the FEM object, and ω e is its weighting factor. In the original implementation of CHOMP, F obs (ξ) is the integrated penalty functions along trajectory ξ. In this paper, we approximate both F obs (ξ) and F energy (ξ) as the summation of the individual corresponding functions. With the approximation, stationary condition (6) can be written as follows:
where, f means the vector of the constraint forces acting on the constrained nodes of the FEM objects, λ S and λ E are Lagrange multipliers related to the initial condition, J ∂r ∂x , and δ i,j is Kronecker's delta symbol. g (t) and h (t) are the forces defined as follows:
It should be noted that g represents the standard static equilibrium formula of the FEM object under the given boundary conditions. Therefore, Eq.(16) is independent of other time instances; on the other hand, Eq. (17) is dependent. When solving Eq.(16) and Eq. (17) by Newton-Rapthon method, we have to compute the Hessian matrix of the augmented Lagrangian function of problem (5). Let us redefine the trajectory including Lagrange multipliers as follows:
We also concatenate all the stationary conditions and the constraints as follows:
The Hessian matrix can be written as follows:
(25) where, E represents the identify matrix. H t and G t,s are defined by
As can be seen from Eq. (25), all the columns and rows related to the FEM variables are decoupled each other; the columns and rows related to the rigid-body variables at each time instance are coupled with those of the previous and the following time instance. Since the number of variables related to the rigid-body part is quite smaller than that of the FEM variables, the computational cost at each iteration of the Newton-Rapthon method is almost the same as when we solve independent FEM equations at T time instances. In addition, all the components in H and y can be obtained from the standard computation of FEM and rigid-body equations respectively. In other word, the motion-planning problem is transformed into the huge static equilibrium problem of T objects whose grasping points are connected via virtual springs along with the trajectory.
We tested the proposed optimization formula by using the ring-shape object and the grasping points shown in Fig. 2 , and the same environmental setting as that in section III. In this section, the ring-shape object was expressed with tetrahedral 3D meshes whose number of nodes is 1088 and number of elements is 3072, in order to test the proposed scheme for general FEM models. The O-ring was modeled using a hyper-elastic material (Mooney-Revlin). We also consider the quasi-incompressibility condition of the ring object in the simulation; the pressures inside the elements of the object were also taken into account by adding them in vector d as new variables. We utilized FEM solver V-biomech [18] in order to compute the terms of nonlinear FEM model used in the optimization. The trajectory was discretized by T = 10 samples, and the initial trajectory before optimization was given as shown in Fig. 6 . Since the initial trajectory was just interpolated linearly without considering deformation, the ring penetrated inside the cylinder during the motion. The method was implemented on the workstation with the same CPU used in section III. As we mentioned, our framework is equivalent to solving huge static equilibrium problem of T FEM objects. Since i-th FEM object is only coupled with (i − 1)-th and (i + 1)-th objects as shown in Eq.(25), we can utilize this sparseness when we solve Eq.(24). Therefore, the computational complexity to solve Eq.(24) is almost linear with respect to the number of time samples. Finally, the total computation time of the whole optimization was around 30 minutes. Fig. 7 shows the obtained trajectory after the optimization, which resulted in another strategy to achieve the insertion from section III. The left grasping point in the figure remained fixed on the top of the cylinder during first time samples, and the right grasping point went down and close to the side of cylinder, which leads to the increase of the internal length of the ring along the direction vertical to this paper (Fig. 7, step 5) . After hooking the half part of the ring on the cylinder, the left grasping point passed over the cylinder without collision, and went down to the final position to achieve the insertion.
Although the pilot optimization framework can obtain the local optimal solution according to the objective functions, it does not guarantee the global optimal solution. For this purpose we need another framework to explore the candidate of the initial guess of the trajectory, for example, by a simpler simulation as shown in section III. The current optimization also approximates the integration of the objective function along with the trajectory by the simple summation. Those issues will be investigated in our future works.
V. CONCLUSION AND FUTURE WORK
This paper presented a simulation-based optimal motion planning method for assembly of a flexible ring-shape object including large deformation. After introducing an optimization-based motion planning called CHOMP that can integrate objective functions of minimum energy manipulation, realistic simulation model based on FEM, together with the collision detection, was applied to verify the planned trajectory. The ring-shape object was represented by a bent beam firmly grasped by robotic hands of a dual-arm manipulator. By comparing the force applied to the object for non-optimized and optimized trajectories, we could observe that the latter was successful without excessive manipulation force. This simulation showed the significance of realistic simulations instead of reduced models in previous work. Next we presented optimization-based motion planning integrating the more accurate FEM model containing more than 1000 nodes by using objective functions of smoothness, collision avoidance and minimum deformation energy under static equilibrium conditions. An efficient computation scheme was derived to solve the planning problem as a static equilibrium problem of decoupled FEM objects at each time instance in a discretized model of the trajectory optimization. Simulation results demonstrated that the proposed method can provide plausible behaviors of deformable ring-shape object to plan the trajectory for the robotic hands.
Future work includes the refinement of the proposed optimization-based method. As we have discretized the trajectory and used the sum of objective function instead of integration, global trajectory optimization scheme with even more efficient FEM computation will be one of the forthcoming stages of this research. The verification of the planned trajectory with experiments with a real robot is also another future topic. We intend to confirm the predicted behavior from the simulation and to improve the model based on the experimental results.
